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We explore the nature of sharp resonances with asymmetric line shape observed in cross section
data, a general physical phenomenon produced by the interference of continuum background and
resonances. A Fano scheme and the coupled-channel T-matrix approach are employed to this aim
and their close relationship is present. As a typical example, we point out that the ψ(3770) state
observed in the e+e− reactions with an anomalous line shape can be explained naturally as a
resonance embedded in the DD¯ continuum. From a coupled-channels analysis the background of
ψ(3770) resonance is found to originate from a pole at
√
s = 3716.0± 30.0 MeV. As a by-product,
the broad structure X(3900)/G(3900) seen in the Belle data, is found to be the tail of the ψ(3770)
state, distorted by the opening of the D∗D¯ + c.c channel and the onset of the ψ(4040) spectral
distribution, thus making the assignment as a genuine charmonium state unlikely.
PACS numbers: 13.20.Gd, 13.25.Gv, 13.40.Gp, 13.66.Jn
I. INTRODUCTION
The proper treatment of near-threshold effects is a
central issue of theoretical studies of charmonium spec-
troscopy. In fact, most of the experimental candidates
for exotic X,Y, Z states lie close to open-charm thresh-
olds. A well known and intensively studied example is
X(3872), positioned within 1 MeV of the nominal D∗D¯
threshold. The recently discovered structure Z+c (3900)
was observed first in the J/ψπ+ invariant mass spectrum
by the BESIII collaboration [1] and soon after confirmed
by Belle [2] and CLEO [3], respectively. Its mass is also
close to D∗D¯ threshold and the observed decay chan-
nel requires a cc¯du¯ quark flavor structure component.
Meanwhile, the BESIII collaboration has observed other
charged charmonium-like states, namely Z+c (4020) [4]
and Z+c (4025) [5], waiting for confirmation by other ex-
periments. Theses states contain the same flavor struc-
ture as Z+c (3900) and are located near the D
∗D¯∗ thresh-
old.
The internal structure and dynamical properties of a
discrete quasi-bound state coupled to a continuum of un-
bound states are encoded in its line shape. Only in sim-
ple potential problems the line shapes of spectral distri-
bution come close to the widely used Lorentz- or Breit-
Wigner shapes, respectively. Under realistic conditions
the shape of resonance is distorted by the interaction
between the discrete and continuum components of the
spectra. This kind of interference among states of vari-
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ous configurations is ubiquitous in quantum physics and
leads to a plethora of interesting phenomena in nuclear,
atomic, condensed matter and quantum optical physics.
One of the recent exciting progress in this area is to con-
trol the atomic line shapes by the manipulation of the in-
tense laser with different frequencies [6]. Obviously, this
kind of direct manipulation is not within reach of hadron
physics. The basically different situation in hadronic sys-
tems is their much shorter lifetime because of their strong
interaction with neighbouring states. Hence, the line
shapes of hadronic states are often found to be convo-
luted by overlapping contributions and, additionally, are
influenced by coupled-channel effect, as e.g. in baryonic
resonances [7–9].
On the theoretical side, a profound approach account-
ing properly for interactions between discrete states and
continuum was formulated a long time ago in a pioneering
work by Fano [10]. While the original formulation was
in the context of atomic physics, describing there the
frequently observed phenomenon of the so-called auto-
ionizing states, it was soon recognized that the Fano-
mechanism is a phenomenon of compelling generality,
appearing in any quantum system at any physical scale
when interactions between discrete states and continuum
occur. A more recent application to a nuclear physics
problem is found in Ref. [11]. With this paper, we in-
tend to shed light on the special features encountered
close to thresholds in the charmonium and bottonium
region, closely following the idea promoted in our pre-
vious work [12]. Charmonium and bottonium states are
of particular interest because of the appearance of sharp
resonances with a width smaller by orders of magnitudes
than the centroid mass, which is a defining feature of
Fano resonances. In atomic and nuclear systems a closed
2channel is a transient phenomenon in the sense that at
high enough energies it will turn into an open channel.
The unique and new feature of charmonium and hadron
physics in general is confinement, giving rise to the new
phenomenon of absolutely closed channels, namely the
hadronic states. Only to the expense of creating addi-
tional light (qq¯) quark-antiquark pairs out of the vac-
uum the QQ¯ states can couple to the open DD¯ channels.
Interactions within the QQ¯ ↔ DD¯ system, or likewise
the (cc¯)↔ (cq¯), (qc¯) system, are leading to configuration
mixing thus assigning charmonium and bottonium reso-
nances an intrinsically complex structure. In production
reactions we have to take into account channel coupling
not only in the production amplitude but also configu-
ration mixing in the produced charmonium states. One
purpose of this paper is to point out the connection be-
tween the Fano-approach and the widely used coupled-
channel methods, introduced already very early by the
pioneering work of Eichten et al. [13]. Such investiga-
tions have become of renewed interest [14, 15] in connec-
tion with the newly found charmonium-like states. The
self-energies, induced by the coupling to the channels, are
known to be essential for understanding the systematics
of the charmonium spectrum [15]. As the first charmo-
nium state above the DD¯ threshold, the ψ(3770) state is
ideal to investigate how this open charm coupling affects
the spectral properties. In fact, its line shape observed in
e+e− → DD¯ [16–18] and e+e− → hadrons [19, 20] cross
sections, respectively, is anomalous, indicating coupled-
channel effects. In previous studies [21–25] the major
source of interactions was attributed to the ψ(3686) state.
In section II we review briefly the Fano-approach with
special emphasis on applications to charmonium. The
problem is considered from a general point of view in sec-
tion III. A coupled channels formalism for charmonium
production is presented from which the Fano-description
and the conventional T-matrix models are derived as lim-
iting cases. For comparison a T-matrix coupled channels
analysis of the ψ(3770) data is performed in section IV
and results are being discussed. The paper closes by a
summary and an outlook in section V.
II. FANO-COUPLING IN QUARKONIUM
In this section we present a simple model for the treat-
ment of configuration mixing interactions and their con-
sequences for the physically observed charmonium spec-
trum. The scheme of states and continua underlying our
considerations is depicted in Fig. 1. We assume pre-
diagonalization in the confined cc¯ and of the open charm
cq¯ and qc¯ sub-spaces, where the latter correspond to DD¯
channels. Thus, a hybrid picture is used, considering on
the one hand quarkonic cc¯ dynamics and on the other
hand hadronic DD¯ dynamics. With respect to cc¯ mo-
tion the confined states are closed channels at all ener-
gies while sub-threshold hadronic DD¯ channels eventu-
ally change to open channels. Above the DD¯ threshold,
the by itself discrete spectrum of cc¯ QCD-levels obtain a
width by their coupling to the DD¯ continua. Of course,
this ansatz is easily applied to any set of states, but
here we consider specifically ψ(3770) close to the DD¯
threshold. For the sake of clarifying the basic mecha-
nisms forming line shapes, in this section we neglect DD¯
sub-threshold channels.
Suppose that we know the spectrum of bare cc¯ states,
their wave functions φc and mass mc. The same is as-
sumed for the hadronic DD¯ scattering states with rela-
tive motion wave functions φd(ω) at energy ω =
√
s. As
in the original work of Fano [10], the eigenstates of the
interacting system are expanded into the subsets of state
vectors, as introduced in our previous work [12]. For clar-
ity, we consider the simplest case given by a bare state c
and a single continuum of the state d. The state vector
is
Ψω = zc(ω)φc(ω) +
∫
dω′zd(ω
′)φd(ω
′) . (1)
which separates intermediate propagators into pole and
principal values contributions, considering that the cou-
pling to closed channels lead to dispersive, but not ab-
sorptive self-energies, as shown in the original Fano paper
[10]. Interactions modify the wave function of resonance
to be dressed by a cloud of virtual DD¯ continuum
χc(ω) = φc(ω) + P
∫
dω′
Vcd
ω − ω′φd(ω
′) (2)
and the correlated state vector is obtained as
Ψω = xc(ω)χc(ω) + xd(ω)φd(ω) (3)
Here, Vcd(ω) denotes the matrix element of the configu-
ration mixing interaction. The interaction may lower one
or a few eigenstates below the particle emission thresh-
old, and one may speculate whether ψ(3686) is of such
a nature, see e.g. Ref. [14]. The amplitudes xc,d are ob-
tained for the solution of a set of coupled equations and
by the proper normalization of the state vector [10–12].
Their detailed forms are of no special interest here. A
more important message of Eq. (1) is that the observed
charmonium states like ψ(3770) have to be considered as
varying mixtures of cc¯ and DD¯ configurations. While the
bare cc¯ states by itself lives indefinitely long, the config-
uration interactions Vcd induce a spectral distribution of
a width Γc(ω) = 2π|Vcd(ω)|2 and a related energy de-
pendent mass shift ∆mc(ω). The coupling of bare state
to continuum induces an additional configuration mixing
phase shift, derived in the present context as
tan δcd(ω) =
xc(ω)
xd(ω)
=
mcΓc(ω)
m2c − ω2
(4)
thus recovering the well-known Breit-Wigner relation for
a resonance phase shift, obtained here as a result of con-
figuration mixing. Above, mc = m
0
c + ∆mc includes
the mass shift. However, because of the extremely small
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FIG. 1: Schematic representation of the transition from the
non-resonant continuum built on the ground state M to 1−−
charmonium states with two nearby continua D(∗)D¯. The
units of the charged (±) and neutral (0) thresholds are MeV.
width, Γc ≪ mc, both mc and Γc can be taken as con-
stant in the resonance region. The phase shift δcd varies
rapidly with energy on a scale set by Vcd ∼
√
Γc. The
configuration mixing phase shift δcd has to be added to
the bare DD¯ channel phase shift varying on a much
larger energy scale, given by t- and u-channel interactions
from the exchange of light mesons. Hence, in (hypothet-
ical) DD¯ scattering one would observe a sharp resonance
around ω ∼ mc, superimposed on and interfering with a
slowly varying background.
In order to work out the role played by cc¯ states in the
resonances observed in e+e−-annihilation reactions we
need to combine properly the reaction model on the one
side and the configuration model on the other side. Start-
ing from an initial reaction channel |τ〉 at total energy ω,
let be Mτ the transition operator for the production of
the state Ψω. In the following formulae we omit par-
tial wave indices because we are studying the production
and decay of 1−− charmonium vector states which cou-
ple to DD¯ P -waves. Obviously, the formalism is easily
extended to any other partial waves. The charmonium
production amplitude out of the incident channel |τ〉 is
described by the matrix element of the corresponding op-
eratorMτ
〈Ψω|Mτ |τ〉 = xc(ω)〈χc|Mτ |τ〉+ xs(ω)〈φd|Mτ |τ〉 (5)
The reaction amplitude is given by a production form
factor which we express as [10, 12]
|FDτ,d|2 = |〈φd|Mτ |τ〉|2
|qcτ − ε|2
1 + ε2
, (6)
where ε = cotδcd = (−ω2+m2c)/mcΓc is due to configura-
tion mixing. Thus, we have obtained an expression going
beyond the standard Breit-Wigner parameterizations of
line shapes. The new ingredient is the quantity
qcτ (ω) =
〈χc|Mτ |τ〉
〈φd|Mτ |τ〉 (7)
which plays a central role in our approach in control-
ling the line shape. In general, qcτ is a complex-valued
function of nergy and momentum where |qcτ |2 is the a
measure of the population probability of the (dressed) cc¯
state relative to the population probability of the purely
hadronic DD¯ channel. To a very good approximation
we are allowed to use q = qcτ (mc) = const. for nar-
row resonances. Eq. (6) shows that qcτ is controlling
the line shape of the spectral distribution: a dip, even-
tually down to zero, will appear at an energy ω0 where
Re(qcτ ) = ε(ω0). For qcτ = 0 an inverted resonance line
shape with a minimum at ω = mc will occur. The widely
used Breit-Wigner profile is recovered if |qcτ | ≫ ε over
the whole resonance region, leading to:
Fc(s) =
Ac
s−m2c + imcΓc
. (8)
The latter two cases correspond to the limiting scenarios
of the reaction, namely for qcτ = 0 exclusive annihilation
into the hadronic DD¯ channel and, as the other extreme,
exclusive annihilation into the cc¯ channel for |qcτ | → ∞.
The latter case describes, by the way, sub-threshold char-
monium production for which the form factor, Eq. (6) re-
duces to the cc¯ amplitude. Thus, besides fixing the line
shape, qcτ provides information on the reaction mecha-
nism. As such, it depends naturally on the type of re-
action and we have to expect different line shapes when
populating the same final states in different reactions.
Thus, spectral distribution of different shapes have to be
expected in charmonium production in leptonic ℓℓ¯ and
hadronic hh¯ annihilation reactions. If many open chan-
nels are contributing, the interference minimum will be
superimposed on a finite background. The structural
properties of charmonium are imprinted in ε, given by
the configuration mixing phase shift δcd. Hence, ε con-
tains the full spectral information on the mass and the
width of the resonance.
In the specific case of c = ψ′(3770) the width is given
by the P -wave relation [22]
Γc = Γψ′(s) =
g2
ψ′DD¯
6πs
(
p30(s) + p
3
±(s)
)
(9)
where the c.m. momenta are p0,±(s) =
√
s/4−m2D0,±
for neutral and charged DD¯ channels. Finally, the yet
missing population probability of the hadronic DD¯ com-
ponent in Eq. (6) is defined by the ansatz
|〈φd|Mτ |τ〉|2 = |Aψ′Fd|2 (10)
The energy dependence is described by the form factor
Fd(s) =
1
s−m2d + imd∆d
, (11)
mimicking the effect of the background contributions,
which mainly come from ψ(3686) state as shown by sev-
eral studies [21–25]. The parameters extracted from data
are consistent with our expectation and seem to con-
firm our choice. The Breit-Wigner form has been cho-
sen for convenience, but other functional forms may be
4used as well. Hence, the quantities md and ∆d, listed in
Tab.I, are purely phenomenological quantities of mainly
numerical character. Different from the resonance pa-
rameters discussed below, their values might vary with
the energy interval considered in the fit. The magni-
tude of the e+e− → DD¯ production amplitude is fixed
by Aψ′ = m
2
ψ′gψ′DD¯/gψ′γ , determined essentially by the
gψ′DD¯, dimensionless coupling constant of ψ(3770) to
DD¯.
For the present investigations, we determine the photo-
vector coupling constant gψ′γ phenomenologically. The
electronic width of vector charmonium states is given
by Γψ′e+e− = 4πα
2mψ′/3g
2
ψ′γ , see e.g. [26] where
α ≃ 1/137 denotes the electromagnetic fine structure
constant. With Γψ′e+e− = 0.265 keV from the recent
compilation of the Particle Data Group [27] the photo-
vector coupling constant at mψ′ = 3770 MeV was deter-
mined to be gψ′γ = 56.35.
We define the continuum open charm production cross
section, including the appropriate two-body phase space
factor,
σDD¯(s) =
8πα2p3d
3s5/2
|〈φd|Mτ |τ〉|2 . (12)
with pd = p0,±, depending on the channel. We obtain
the full e+e− → DD¯ cross section as
σd(s) =
8πα2p3d
3s5/2
|FDτ,d|2 = σDD¯(s)
|q − ε|2
1 + ε2
. (13)
Hence, the charmonium production cross section is sep-
arated into the annihilation cross section populating the
hadronic DD¯ component and a form factor containing
the population and spectroscopy of the confined cc¯ com-
ponent of the full charmonium state vector.
Applying the approach to the BESIII data [16], the
spectral distributions in the D0D¯0 and the D+D− pro-
duction cross sections are well described, as seen in Fig. 2.
In order to illustrate applications to data analyses, the
mass, width and line shape parameters, respectively, have
been varied freely in a χ2- minimization process. The
resulting parameter sets are shown in Tab. I. The bare
mass and width of ψ(3770) in the neutral and charged
channels are consistent with each other. The different
behaviour of the two production cross sections results al-
most totally from the difference in phase space factors of
the D0D¯0 and D+D− channels, namely the mass gap of
neutral and charged D-meson. It should be mentioned
that the dip at around 3.82 GeV could be reproduced
with the above prescription if the Belle data at high en-
ergies are included in the fit, as we have shown previously
[12]. Finally, attempting a fit with a simple Breit-Wigner
line shape (i.e. assuming |q| → ∞) the description de-
teriorates as reflected by the increased values χ2 = 2.72
for the D0D¯0 channel and χ2 = 3.27 for the fit to the
D+D− data, respectively.
The slightly different results for q obtained from the
D0D¯0 and the D+D− data agree within the error bars
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FIG. 2: Total cross section of e+e− → D0D¯0 and e+e− →
D+D− charmonium production. The results obtained with
Eq. (13) for the D0D¯0 (solid line) and the D+D− channel
(dashed line), respectively, are compared to the data are from
the BES collaboration [16].
c = ψ′ D0D¯0 D+D−
mψ′ (MeV) 3782.1 ± 1.6 3784.0 ± 2.0
gψ′DD¯ 11.8 ± 0.9 10.7 ± 1.3
q −2.1± 0.3 −1.6± 0.3
md (MeV) 3743.0 ± 5.4 3753.3 ± 3.9
∆d (MeV) 34.1 ± 5.2 33.3 ± 5.6
χ2/d.o.f 0.83 0.90
TABLE I: Charmonium production in the e+e− → D0D¯0
and e+e− → D+D− annihilation reactions: Fano-parameters
according to Eq. (6) from the fit to the data shown in Fig.2.
but they may taken as an indication on the reaction-
dependence of spectral line shapes observed in produc-
tion reactions. Despite the remaining uncertainties due
to the relatively large experimental errors the two q-
values are indicating differences in the reaction mecha-
nism, probably mainly caused by differences in the final
states interactions. More precise data from future exper-
iments, either at e−e+-facilities or from pp¯ annihilation
as planned at PANDA@FAIR are important for a more
detailed analysis.
III. COUPLED CHANNELS APPROACH TO
CHARMONIUM PRODUCTION
The primary goal of this section is to work out on a
formal level the connections between the Fano-formalism
and standard coupled channels theory. While the latter
has been considered extensively in the literature, see e.g.
[28–31], the special aspect introduced by the interference
of open and closed channels are deserving a closer discus-
sion. The major results are found in Sect. III B to which
5readers acquainted with formal coupled channels scat-
tering theory may go directly. We present an approach
which on equal footing treats the production of confined
cc¯ and DD¯ states without distinguishing sub- and above-
threshold production. The two types of configuration
are, in principle, present in any charmonium states, ir-
respective of the mass, because of configuration mixing.
The amount of mixing, however, will change with energy.
While below threshold DD¯ states contribute only as vir-
tual admixtures to cc¯ charmonium, it changes at higher
energies to observable on-the-mass-shell components as
detected in experiments.
In order to account for the multiple facets of charmo-
nium, we coalesce the discrete cc¯ confinement sector and
the DD¯ continuum sector into a unified approach. The
confined cc¯ states and the open charmDD¯ configurations
are arranged in disjoint, orthogonal subspaces C and D,
respectively. The C and D sectors are assumed to be
pre-diagonalized. Hence, C contains bare cc¯ states con-
fined into a meson-like structure, and D contains the cq¯
and qc¯ configurations, condensed in D and D¯ mesons.
The cc¯→ DD¯ is proceeded by cutting the cc¯ string with
the presence of the additional qq¯ pair. This happens to
the expense of creating new confinement bonds appear-
ing as the D and D¯ mesons. The latter are allowed to
interact by long range, van-der-Waals-type strong forces
and eventually electromagnetic interactions as typical for
low-energy hadron physics.
Throughout this paper, the cc¯ states are closed chan-
nels with respect to the quark motion, constraint by con-
finement into a non-separable mesonic system. Of course,
in the lab-system the cc¯ entity moves as a whole and with-
out coupling to decay channels, it will be a stable particle
except for weak and electromagnetic interactions which
we neglect here. The DD¯ channels represent the quasi-
free motion of the c quark and the c¯ anti-quark, separated
because of their dressing by a light qq¯ quark-antiquark
pair, where q ∈ {u, d, s}. Obviously, this view is slightly
different from the one underlying the commonly used in
T-matrix approaches. They are emphasizing the DD¯
content of charmonium. The resonances formed in DD¯
scattering are described typically by phenomenologically
introduced, but otherwise unresolved vertices as, for ex-
ample, in [22, 24, 32]. Here, we take the point of view
that cc¯ states are existing by their own right, as it is
the case below the DD¯ threshold. Above threshold, the
cc¯ states are coupled to the DD¯ open charm sector and
obtain a finite lifetime and spectral width. This picture
is occasionally used in descriptions of charmonium spec-
troscopy inspired by the quark model, see e.g. [14].
A. Theory of Charmonium Production Reactions
The configuration space is divided into the subspaces
C and D. The confined cc¯ states are contained in the
space C while the space D is composed of the (cq¯)(qc¯)
configurations, condensed into DD¯ mesons. The (multi-
channel) propagators within the separate C and D sec-
tors are denoted by GC and GD, respectively. Together,
they are forming the bare propagator in the combined
space, G0 = diag(G
C , GD). Two spaces interact via the
residual interaction V , represented by a matrix with only
non-diagonal elements V CD and V DC , respectively. The
propagator G = G0 +G0V G of the fully interacting sys-
tem is given by a two-by-two matrix structure. With the
Møller-vertex
Γ˜A = ΓA,out =
(
1− ΣAGA)−1 = 1 + ΣAGAA (14)
with A ∈ {C,D} here and afterwards. Due to time-
reversal invariance the incoming and outgoing vertices
are related by vertex ΓA,in,† = ΓA,out. The diagonal
coupled channels propagators are given by
GCC = Γ˜CGC ; GDD = Γ˜DGD (15)
and the non-diagonal pieces of G are related to the diag-
onal ones:
GCD = GCV CDGDD; GDC = GDV DCGCC (16)
The self-energies
ΣC = V CDGDV DC ; ΣD = V DCGCV CD (17)
describe the induced dispersive interactions. At energies
above the DD¯ threshold the self-energies ΣC are non-
hermitian because they are induced by the open DD¯
channels. Hence, the otherwise sharp, non-decaying cc¯
states gain an energy dependent mass shift and a decay
width, leading to a finite life time, provided their bare
mass exceeds the lowest open charm threshold. Because
of confinement the cc¯ states do not carry asymptotic flux
in the center-of-mass (c.m.) frame and therefore they
contribute only an energy dependent dispersive correc-
tion to the elastic DD¯ interactions.
For the further steps it is of advantage to split the self-
energies in subspace A into their diagonal parts UA and
their configuration mixing parts WA, defined by
UAij = Σ
A
iiδij (18)
WAij = Σ
A
ij − UAij . (19)
Similar decomposition has been used to explore the com-
positeness of states in conventional hadronic reactions
and effective potential [28–31]. Here we define the purely
diagonal vertex
ΓA =
(
1− UAGA)−1 , (20)
and the vertex correlation matrix containing non-
diagonal and diagonal interactions
ΩA =
(
1−WAGAΓA)−1 . (21)
We obtain the representation:
Γ˜A = ΓA
(
1−WAGAΓA)−1 = ΓAΩA. (22)
6thus separating formally re-scattering effects leading back
to the initial state from those connecting inelastically dif-
ferent states within each of the C andD subspaces. Since
the propagatorsGAΓA include self-energies, they account
for effects responsible for the finite life times and physical
masses of the C configurations.
Turning now our attention to the production reac-
tion |τ〉 → |Ψω〉 we define the reaction form factor
Fτ = diag(F
C
τ , F
D
τ ) = Mτ + V GMτ . Both Mτ and Fτ
are having formally a two-component vector structure.
The re-scattering matrix is
1 + V G =
(
1 + V CDGDC V CDGDD
V DCGCC 1 + V DCGCD
)
(23)
Specifically, we consider τ ≡ e−e+ and the charmonium
state Ψω, composed of the cc¯ and DD¯ components. Dif-
ferent from other approaches [28], we have used the Low-
equation for expressing the re-scattering part in terms
of the tree-level interaction V and the dressed Green’s
function G rather than the T-matrix and the bare prop-
agators. We find
FCτ = Γ
CΩCMCτ + V
CDGDΓDΩDMDτ (24)
FDτ = Γ
DΩDMDτ + V
DCGCΓCΩCMCτ (25)
Inserting the complete set of eigenstates |αc〉 and |αd〉 of
dressed propagators GAΓA, respectively, at appropriate
places, we project Fτ at given c.m.-energy ω =
√
s from
the left onto the channel state vector 〈Φω| = (〈φc|, 〈φd|),
composed of eigenstates of the bare propagators GC,D
of the uncoupled system. Those states are making up
the asymptotically separated system. From the right,
we project onto the initial channel |τ〉. As a result, we
find the reaction amplitude fωτ = f˜
C
ωτ + f˜
D
ωτ . Denoting
the overlap matrix elements of the bare and the coupled
eigenstates by the configuration amplitudes xaαb (ω) =
〈φa|αb〉 we find
f˜Dωτ =
∑
αc
xcαc [
∑
βc
ΓCαcΩ
C
αcβcM
C
βcτ
+
∑
αd,βd
V CDαcαdG
D
U,αdΩ
D
αdβdM
D
βdτ ] , (26)
f˜Dωτ =
∑
αd
xdαd [
∑
βd
ΓDαdΩ
D
αdβd
MDβdτ
+
∑
αc,βc
V DCαdαcG
C
U,αcΩ
C
αcβcM
C
βcτ ] , (27)
describing the production of charmonium states which
are eigenstates of the interacting cc¯↔ DD¯ system.
B. Relation to the Fano- and other Approaches
The probabilities to find the total amount of C-type
and the D-type configurations, respectively, are
|zCω |2 =
∑
αc
|xcαc |2 ; |zDω |2 =
∑
αd
|xdαd |2 (28)
V +
= +
M
FV
T = V T
M
T
FIG. 3: Graphical representation for the D(∗)D¯ scattering
(top) and electromagnetic form factor of ψ(3770) (bottom).
and by means of the normalized amplitudes
fCωτ =
1
zCω
f˜Cωτ ; f
D
ωτ =
1
zDω
f˜Dωτ (29)
the complete reaction form factor is obtained as
fωτ = z
C
ω f
C
ωτ + z
D
ω f
D
ωτ (30)
Of primary interest is the detectable DD¯ component
which is contained in fDωτ . Therefore, we write in analogy
to the Fano-formula
fωτ = f
D
ωτz
C
ω
(
qCD + εCD
)
(31)
where
qCD =
fCωτ
fDωτ
; εCD =
zDω
zCω
(32)
and taking into account |zCω |2 + |zDω |2 = 1 we find
fωτ = f
D
ωτe
iχC
qCD + εCD√
1 + |εCD|2 (33)
where χC denotes the phase of z
C
ω . Thus, we have de-
rived on the general grounds of couple channels theory a
Fano-type formula, covering the general case of an arbi-
trary number of discrete states and continua and estab-
lishing the relation to coupled channels scattering theory.
Moreover, the results confirm the Fano-conjecture that
interference structures in spectral distributions of long-
living states give access to a quantitative determination
of configuration mixing. The above formulas show that
the comparison of characteristic line shape features ob-
served in production reactions with different initial chan-
nels corresponds to scan configuration mixing effects in
the produced states. In the case of a single state and
one continuum background and minor rearrangement of
terms, we recover the Fano-result Eq. (6) discussed in the
previous section, noting that under those conditions the
vertex correlation matrices are reducing to be identity,
ΩA → I.
A different scheme is used in T -matrix approaches,
specifically focussing on the DD¯ exit channels, but also
easily extended to include higher open charm channels.
Theoretically, such prescriptions mean to project the full
7amplitude onto the channel state vector Φd ≡ (0, φd)T
containing a selected, specific single DD¯ configuration as
observed in the detector. However, from a strict point of
view such a restricted ansatz is not fully justified because
it is biased by the assumption that above the DD¯ thresh-
old charmonium states are completely given by DD¯ con-
figurations. Putting behind these objections for the mo-
ment, we find
FDτ = f
D
ωτ (34)
The physical meaning of above equation is seen clearly
by considering the structure of Eq. (27). Using Eq. (14)
we have
FDτ = Γ˜
DMDτ + V
DCGC Γ˜CMCτ
=
(
1 + ΣDGDD
)
MDτ
+ V DCGC
(
1 + ΣCGCC
)
MCτ (35)
The first term describes the direct DD¯ production and
re-scattering of the mesons on the induced self-energies.
The second term actually plays the role of a vertex cor-
rection, as depicted in Fig. 3. We introduce the effective
DD¯ vertex
M˜Dτ ≡MDτ + V DCGCMCτ . (36)
With repeated use of Eq. (17), expressing GC,D in terms
of GCC,DD by means of Eq. (15), and after a suitable
rearrangement of terms, the last term at the very right
end of Eq. (35) is transformed into
V DCGCΣCGCC = ΣDGDDV DCGC +O(V 4) (37)
Hence, up to O(V 4), Eq. (35) is obtained in the rear-
ranged form
FDτ ≃ M˜Dτ +ΣDGDDM˜Dτ = M˜Dτ + TDD¯GDM˜Dτ (38)
as displayed in the lower panel of Fig. 3. Here we have
introduced the DD¯ T-matrix
TDD¯ = ΣD + ΣDGDTDD¯ (39)
Obviously, Eq. (38) is equivalent to
FDτ = Γ
DΩDM˜Dτ (40)
with ΩD in Eq. (21). In the next section, DD¯ production
will be investigated by using this representation.
IV. COUPLED CHANNELS T-MATRIX
ANALYSIS OF CHARMONIUM PRODUCTION
In Sec. II, we have given a Fano picture of the ψ(3770)
state. For a more extended description of the physical sit-
uation in Fig. 1, covering a larger energy interval, a treat-
ment of the multi-channel case, e.g. DD¯ andD∗D¯+c.c. is
necessary. The Fano-approach, in fact, is flexible enough
to achieve that goal, finally coming down to the solution
of the coupled-channel problem for any number of states
and channels [10, 11]. It also has the advantage to explore
the confined heavy quark-antiquark states and asymptot-
ically scattering states in a consistent way [12]. However,
here we use directly more conventional coupled-channel
theory demonstrated in Sec. III, which is easily applied
to multi-channel cases, as e.g. in our recent work on
strangeness production on the nucleon [7]. The formal-
ism is easily extended to non-DD¯ channels which play a
key role in understanding the nature of the ψ(3770).
Quarkonia have been studied with coupled-channel
methods by various authors, for recent works see e.g.
[24, 33, 34]. Being a P -wave state, the formation of
ψ(3770) in DD¯ scattering resembles the formation of
ρ(770) as an isovector ππ P -wave resonance. The lat-
ter was studied recently by Hanhart [32], using a coupled
channels approach to investigate contributions of other
resonances to the form factor of ρ(770). Here, we fol-
low closely the scheme developed in the previous section.
Our starting point is Eq. (40). As proved in the pre-
vious section the set of equations to be solved is in the
representation
FDτ = Γ
D(1−WDGDΓD)−1M˜Dτ (41)
together with ΩD in Eq.( 21) and M˜Dτ in Eq. (36). Ac-
cording to Eq. (19) the self-energy ΣD is split into the
diagonal part UD and the configuration mixing partWD,
respectively. The WD is purely non-diagonal in conven-
tional decomposition, see e.g. [8, 9]. Following our al-
ternatively practice of Ref. [7], but also used elsewhere,
e.g. Ref. [32], herein we consider UD as pure elastic part
and WD as resonant part. Concretely, only ψ(3770) is
included into UD and ΓD as a DD¯ elastic resonance and
other charmonium states, e.g. ψ(3686) and ψ(4040) with
weaker coupling to the DD¯ channel are included in the
WD as inelastic resonances. This amounts to consider
ψ(3770) as a DD¯ elastic resonance in s-channel which
is well justified because of the weak non-DD¯ decay of
ψ(3770), resembling also in this aspect the ρ(770) with
its dominant decay into the ππ isovector P -wave channel.
Correspondingly, the WD has both non-diagonal and di-
agonal matrix elements from this view point. Besides
the DD¯ as the first channel in the matrix, we include the
second D∗D¯ + c.c channel in our calculation.
The vertex ΓD contains the diagonal self-energy UD,
which couples the channels to the resonances. The cou-
plings are treated here as free point parameters while
in Ref. [12] we used microscopic quark model interac-
tion form factors. Hence, the matrix element ΓD1 con-
tains elastic resonances produced elastically in the DD¯
kinematical s-channel. Thus, we identify the expectation
value ΓD1 in the DD¯ channel with the form factor Fc in-
troduced in Eq. (8). Rather than invoking a dynamical
model for theDD¯ final state interactions, at this stage we
parameterize directly the vertex ΓD1 in the form of Eq. (8)
and ΓD2 = 1 which contains only inelastic resonances, e.g.
the ψ(3686) and ψ(4040). The unitarity of Eq. (41) could
8be restored by using the Omne`s function [35] instead of
Eq. (8), for example used in Ref. [32]. However, for the
present purpose the Breit-Wigner parametrization of the
form factor in Eq. (8) is sufficient because of the nar-
row width of ψ(3770), much smaller than, e.g. for the
ρ-meson. We also note that the use of the Omne`s func-
tion would require as input the hitherto unknown P -wave
DD¯ phase shift up to high energies, see e.g. [23].
The purely diagonal dressed channel propagator
GDΓD is treated in parameterized form, which follows
closely the convention widely used in the literature. Con-
sidering that GDΓD =
(
(GD)−1 − UD)−1 we find
Im
(
GDΓD
)
=
Im
(
UD
)
((GD)−1 −Re (UD))2 + Im2 (UD)
(42)
factorized essentially into the imaginary part of the self-
energy UD and a reaction form factor containing all elas-
tic interactions in the channel under consideration. Using
the relation between the imaginary part of the self-energy
and the decay width the imaginary part of the DD¯ par-
tial wave propagator is found as
Im
(
GDΓD
)
i
= − s
6π
∑
i
(
pi(s)√
s
)3
θ(s− si)|ΓDi (s)|2
(43)
with si being the threshold energy of the i-th channel
[36]. The summation runs over the isospin states con-
tributing to the partial widths in channel i. The mo-
menta p1 = pd = p0,± are defined as before in sect.II
and
p2(s) =
√
(s− (mD∗ +mD)2) (s− (mD∗ −mD)2)
4s
.(44)
As discussed above, the remaining vertex and propaga-
tor form factors in channel i = 1 are taken care of by
the (dimensionless) form factor ΓD1 = Fc, introduced in
Eq. (8). In the D∗D¯+c.c. channel (i = 2) we use ΓD2 = 1,
i.e. elastic interactions in this channel are neglected. Us-
ing subtracted dispersion relations, we obtain the dressed
propagators by the following dispersion integrals:
(
GDΓD
)
1
= η1 +
s
π
∫ ∞
s1
ds′
s′
Im
(
GDΓD
)
1
s′ − s− iǫ (45)
(
GDΓD
)
2
= η2s+
s2
π
∫ ∞
s2
ds′
s′2
Im
(
GDΓD
)
2
s′ − s− iǫ (46)
In both cases we have chosen s = 0 as subtraction point,
corresponding to the constraint that the self-energies and
correspondingly the propagators should vanish at s = 0.
The twice-subtracted dispersion relation, Eq. (46), re-
sembling the Roy-equation [37], was found to improve
considerably the convergence and stability of the numer-
ical results. The subtraction constant in Eq.(45) is ab-
sorbed into the channel mass parameter, corresponding
to choose η1 = 0 in the following. The same argument
applies to a constant subtraction term in Eq.(46) which
has been left out from the beginning. The remaining
non-trivial subtraction constant η2 is discussed below.
The matrix elements of the induced non-diagonal self-
energy is taken to be
WDij =
∑
r
gr∗i g
r
j
s−m2r
, (47)
giving rise to channel coupling through intermediate ex-
citations of cc¯ states. The first (r = 1) and the second
(r = 2) resonance being the (sub-threshold) ψ(3686) and
the ψ(4040) state, respectively. According to Eq. (36)
those resonances also contribute to the effective produc-
tion vertex which is taken into account by
M˜Dk (s) = ck + s
∑
r
gr∗k g
r
ψγ
s−m2r
. (48)
abandoning now the index τ with the understanding that
τ = e−e+ is considered and denoting here and in the fol-
lowing the explicitly observed DD¯ channel by k = d = 1.
We have included the spectroscopic amplitude xd into the
effective production vertex ck ≡ xdMdτ and the coupling
constants glk which, as a result, in principle may depend
weakly on energy. Using c1 = 1 ensures that in Eq. (41)
the bare ψ(3770) form factor ΓD = Fc is retained. The
linear dependence on s complies with gauge invariance of
the e−e+ → γ∗ → ψ production vertex.
With the pieces in Eqs. (43), (45), (46) and (48), the
production cross section is obtained from the modulus
squared of the reaction amplitude, Eq. (41), and appro-
priate phase space factors. In order to indicate the rela-
tion to the previous sections we slightly rearrange terms.
Using ΩD = 1 + ΩDWDGDΓD we extract the d-channel
DD¯ direct production amplitude FDτ,d in the first , and
obtain the partial wave cross section as
σd(s) =
8πα2p3d
3s5/2
|FDτ,d|2
=
8πα2p3d
3s5/2
|ΓDd M˜Dk + ΓDd
∑
k
(
ΩDd,k − δkd
)
M˜Dk |2 (49)
Different to the scheme of section II and section III, we
see that in the usual T-matrix approach the cc¯ configu-
rations are contributing not as separate components but
only as intermediate states. The direct DD¯ amplitude,
FdMdτ , contained in the first term interferes with the
resonance pieces contained also in Md and in the re-
scattering contributions. This is a quite different expla-
nation for the distortion of the line shapes of the spectral
distributions, interpreting asymmetric line shapes solely
on the level of leading and next-to-leading order processes
through the DD¯ channel space. The results below seem
to support the success of this widely used approach, but
we must keep in mind the rather biased physical picture
behind.
Numerical calculations from Eq. (49) have been per-
formed for the electro-production of charmonium in
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FIG. 4: Total cross section of e+e− → D0D¯0 (upper) and e+e− → D+D− (lower) reactions in parameterized coupled-channel
model. The dotted curve is the bare ψ(3770) contribution in Fit-II. The data are from BES [16], Belle [17], and CLEO [18]
collaborations.
the mass region of ψ(3770). We include DD¯ ∈
{D0D¯0, D−D+}, denoted by k = d = 1, and D∗D¯,
DD¯∗ channels, denoted by k = 2. The usual Breit-
Wigner form is taken for the DD¯ form factor Fd. The
data [16, 17] show two dips in the cross section of e+e− →
DD¯ below 4.0 GeV. From previous studies it is known
that the P -waveDD¯ interaction is weak [23], and also the
two relevant channels are weakly coupled. As a result,
within the restricted DD¯ T-matrix approach these dips
cannot be explained from dynamics. We could speculate,
however, that the dips are originating from the electro-
production vertices M˜k. Accepting this point of view, the
coupling constants, and therefore the production matrix
elements, are largely determined by the location of the
interference minima in the cross section.
We have tested two models. First, we explore a re-
duced problem (Fit-I) modelling the data with
√
s ≤
3.8 GeV from BES collaboration (14 points) [16] both
in the neutral and charged DD¯ channels. Including only
the DD¯ channel and ψ(3686) state and using the once
subtracted self-energies, see Eq. (45), the number of free
parameters reduces to four. Results are displayed in
Fig. 4 and Tab. II. As shown, we have achieved an excel-
lent description of the line shape of the ψ(3770), whose
χ2/d.o.f are considerably better than in previous iso-
bar model analyses [21, 22]. Next, we consider the Belle
(13 points) [17] and CLEO (2 points) [18] data sets for√
s ≤ 4.0 GeV by calculations additionally including the
ψ(4040) state and using the twice subtracted dispersion
relations, Eq. (46) in the D∗D¯ + c.c channel (Fit-II). A
reasonable agreement with the data is achieved, however,
slightly worse than achieved before in Fit-I, as indicated
by χ2/d.o.f = 1.43. It is puzzling that the data point
of the Belle collaboration at
√
s = 3.770 GeV is obvi-
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Fit-I Fit-II
D0D¯0 D+D− D0D¯0 D+D−
mψ′ (MeV) 3783.2 ± 2.5 3782.5 ± 2.9 3787.0 ± 2.2 3787.8 ± 3.5
gψ′DD¯ 14.1 ± 0.7 14.5 ± 0.5 11.6 ± 0.2 11.6 ± 0.1
g11 = gψ(3686)DD¯ 0.17 ± 0.02 0.17 ± 0.03 0.17 ± 0.03 0.17 ± 0.05
g12 = gψ(3686)D∗D¯ — — 1.19 ± 0.03 1.29 ± 0.06
g21 = gψ(4040)DD¯ — — 0.145 ± 0.014 0.160 ± 0.021
g22 = gψ(4040)D∗D¯ — — 0.38 ± 0.09 0.27 ± 0.11
g1ψγ = gψ(3686)γ 6.4 ± 0.5 6.7 ± 0.9 7.6 ± 0.1 8.0 ± 0.2
g2ψγ = gψ(4040)γ — — 3.4 ± 0.4 2.9 ± 0.7
c2 — — -13.9 ± 1.4 -17.4 ± 1.2
η2 — — 0.39 ± 0.19 0.41 ± 0.16
χ2/d.o.f 1.12 0.92 1.43 (1.00∗) 1.57(1.25∗)
TABLE II: Fitted parameters in different fit schemes. ∗: excluding one data point of Belle at
√
s = 3.770 GeV.
ously much higher than the nearby data points of BES
and CLEO collaborations, see Fig. 4. If we disregard
that data point, the fit is improved with a significantly
decreased χ2/d.o.f = 1.00, see Tab. II. In Fig. 4, our re-
sults are summarized together with the bare line shape
of the ψ(3770). Not only the ψ(3770) line shape is prop-
erly described, but also the broad enhancement around
3.90 GeV is explained equally well. It is fully determined
by the tail of the ψ(3770) bending by the D∗D¯ + c.c
threshold opening and the onset of the ψ(4040), leaving
little room for a real resonance, quoted in the literature
as X(3900)/G(3900) [21]. This is illuminating for the
study of the cross sections of other channels, e.g. the
e+e− → J/ψπ0 and J/ψη reactions [34]. Our extracted
parameters in the neutral and charged DD¯ channels are
consistent with each other within the uncertainties, as
can be seen in Tab. II. This confirms the hypothesis that
the distinct behavior of the D0D¯0 and D+D− channels
could be largely explained by the different phase space
caused by the mass gap between neutral and charged D-
mesons [38, 39]. It should be noted that mψ′ can be
viewed as the bare mass of the ψ(3770). Its fitted value
is a little larger than the isobar model mass [21, 22],
but consistent with that in the parameterized coupled-
channels K-matrix model [24]. The pole of the ψ(3770)
is found to be stable in the complex plane at the location
(3778.2 ± 3.8) MeV + i (13.9 ± 1.4) MeV in both fits,
indicating its robust properties.
The mass of ψ(3686) is kept fixed in the above fits. If
we allow it to vary freely, we find that it is highly un-
certain with a value of 3716.0 ± 30.0 MeV, whose upper
bound is consistent with the value of the above Fano-type
formula. Though its lower bound is compatible with the
mass of ψ(3686), the existence of a hidden 1−− charmo-
nium state as indicated by lattice calculation [40] is not
excluded by our analysis. Moreover, the comparatively
large uncertainty probably indicates self-energy contri-
butions induced by continuum couplings, e.g. [12].
V. SUMMARY
In summary, we have developed a formalism for char-
monium and other production reactions. The theoret-
ical formulation has been kept general and is provid-
ing a scheme for the consistent description of open and
closed channels, accounting also for sub-threshold states.
As a particular new aspect, we have considered in de-
tail the case of channels closed by quark confinement.
Such channels are of natural importance for quarkonium
production. For that goal we have taken a slightly dif-
ferent view, namely considering the well known open-
closed channel concept not from the hadron- but from
the quark-side. The connection to the Fano-approach
was worked out which in other fields of physics is a well
established and successful approach and gives us a simple
and direct picture of the interference phenomenon. We
have analysed the e+e− → D0D¯0 and e+e− → D+D−
reactions and extracted the dynamical line shape pa-
rameters for the D0D¯0 and the D−D+ channels, lead-
ing to the conclusion that the ψ(3770) state is a reso-
nance embedded in the DD¯ continuum. For compar-
ison we have repeated a conventional T-matrix analy-
sis, including coupled-channels effects up to the energy
range above the ψ(3770) state. Besides a good descrip-
tion of the ψ(3770) spectral distribution we find in our
parameterized coupled-channel formalism that the broad
X(3900)/G(3900) structure is of non-resonant nature.
In the coupled channels scheme, discussed in section III
and the closely related Fano-picture, it is understood in
a natural way that the line shape of the ψ(3770) state
varies from one to the other production and decay chan-
nel because of the different non-resonant continua and
interfering contributions. Hence, in view of the above
results we may draw an almost trivial and rather obvi-
ous conclusion, namely that line shapes are fingerprints
of the special dynamical conditions under which a state
was produced and is decaying. This is intriguing for our
understanding of the properties of many other hadronic
states, especially with respect to the newly found and
hardly understood X,Y,Z states.
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